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0. Introduction. We use the definitions and information from [1]. Our 
results are closely related to [2]-[22]. As usual, N := {1, 2,... }, R and 
C are the sets of real and complex numbers, resp. The symbol Coo := 
C U {cxd} denotes the Riemann sphere (the extended complex plane); 
D{z,r) := {z' S C: \z' — z\ < r} for z G C and r > 0; ID := D(0,1). 
Let D be a subdomain of Coo 7 ^ B) always here. We denote by Hol(D) 
and sbh(Z?) the class of holoniorphic and subharmonic functions on D, 
resp. The class sbh(D) contains the function —oo; z i—>• —oo, z G D. 
An elementary consequence of classical Nevalinna Theorem is 
Theorem (with W. Blaschke condition). Let M G sbh(D) \ {— oo} with 
the Riesz measure I'm o-nd a version of the Blaschke condition 


/ 

l/2<\z\<l 


\og-^ dvM{z) < +00 


(Bm) 


is fulfilled. If a non-zero function f G Hol(D) such that log \f\<M on 
ID\D(0,1/2) (pointwise) and f vanish on a sequence Z = {zfc}fc=i, 2 ,... C 
13 (we wrie /(Z) = 0/, then the Blaschke condition 

l/2<|zfc|<l 


also is fulfilled. Here the test function z i—7 log r—r, z G D, from (Bm)- 

ul 

(Bz) is positive (sub)harmonic function on D \ Z1(0,1/2), and 


lim 

l>|zKl 


log ^ = 0. 


( 0 ) 


For a subset S of Coo we denote by S and dS the closure of S and the 
boundary of S in Coo- If S' is a compact subset of D in the topology 
induced from Coo, then we write S <s D. For S C Coo we denote by 
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sbh(S') the class of functions that are subharmonic on some open set 
containing S; sbh^(5') :={m G sbh(S'): m > 0 on S'}. 

Main Problem. Let Dq D be a subdomain, M G sbh(I?) with the 
Riesz measure vm, f G Hol(D), Z = {zk}k=i,2,... C D, /(Z) = 0, and 
log I/I < Af on D \ Dq. Under what conditions on the function v: D \ 
Dq [0, +oo), for / ^ 0, the implication 


( 

J 

\d\Do 


V dvM < +00 



) < +00 


(=>) 


is true? This gives uniqueness theorems: if a series from (=^) diverges, 
the integral from (=4>) is finite, and log |/| < M on £> \ Dq, then / = 0. 

Our Solution (see Corollary 1 and Theorem 1 below). It is sufficient 
that V G sbh^(I? \ Dq), and (cf. (0)) 


lim w = 0, (O) 

z^dD 

i. e. for each e: > 0 there is Dg ^ D such that |-u| < e on D \ {Dg U Dq). 
1. (f-subharmonic functions [23]-[24]. For a function or a mesure a 
we denote by a the restriction of a to S. Ll^^{D) denotes the set of 
locally integrable functions f on D with respect to the restriction A | ^ of 
Lebesgue measure A. We also consider the function + 00 : z 1 —>■ +cx), z G 
D. Two functions ±00 are 5-subharmonic functions. Another function 
M : D ^ [—00, -l-oo] is called 5-subharmonic on I? if M e Aoc(^) and 

1 . For any subdomain Dq (s D there exists a constant Cq G [0, -l-oo) 
such that for each finite function I? —5- R with suppc/) C Dq, 
cj) G C‘^{D), the inequality 


MA(j)dX 


Do 


< Cq max\(j){z) 

zGDo 


is fulfilled. Further izm ■= is the Riesz charge of M where 

A is the Laplace operator acting in the sense of distribution theory. 
Besides, we have the Hahn-Jordan decomposition vm := 
where v'^ and are called the positive and negative part of um', 
\vm\ '■= 1® absolute variation of I'm- 
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2. We define doniM C -D as the set of points z € D such that there 
is Tz > 0 with the properties D{z,rz) <£ D and 


D{z,rz) 

For 2 ; € doruM we set 


J log\z' - Zo\d\lZM\{z') > - 00 . 


M{z) = lim —^ [ M d\. 

0<r—>0 7rr^ J 


D{z,r) 


3. Here it is convenient to set M{z) = +00 for all 2 ; G I? \ doniM- 

We denote by (f-sbh(I?) the class of (5-subharinonic functions on D. Each 
function M G d-sbh{D) \ {ihc 5 o} admits a unique representation M = 
M+ — M_ where M+,M_ G sbh(ii>) with the Riesz measures 
resp. 

2. Main results. For a regular domain D C Coo we denote by 
9 d{'jZq) the extended Green’s function of D with pole at zq € D, that 
is, goiz'jZo) = 0 for all z' € C \ D, g{-,zo) l^j^^zo} harmonic, and 
g(-,zo) is subharmonic on Coo \ {-^o}- 

We denote by constai, 02 ,... ^ constant depending only on oi, 02 ,.... 
Let Dq, D are domains in Coo, and 0 7 ^ Dg D ^ Coo. 

Let b G [ 0 , +00). We set sbhg {D \ Dq; < b) 

:= iv G sbh'''(D \ Dq) : lim v{z) 0, 

z^dD 

We consider a function M G (5-sbh(I?) \ {± 00 } 
vm- 

Main Theorem. FOR ANY 

(i) point Zq G Dq n domjvf and number 6 G [ 0 , +00), 

(ii) regular domain D C Coo, Dq D C D, Coo \ D ^ 0, 

THERE EXISTS a number C := const^^ Dq 5 d b ^ sueh that for each 
u G sbh (D) \ {— 00 } the inequality u < M on D \ Dq entails that, for 


sup v{z) < b> . 

zGdDo J 

with the Riesz charge 
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any function uSshh^ (D \ Dq \ < b), the inequality 


Cu{zo) 


V dvu < 


V duM 


V dv 


M 


D\Do 


D\Do 


D\Do 


+ C J gg{-,zo)dvM+ c j g^{-,Zo)dv^+CM{zo) 


D 


D\Do 


is fulfilled. Moreover, if D <g D, then this estimate can be replaced by 

J vduu< J V d^M + {b + C) Cm — Cu{zo), (C) 

D\Do D\Do 


where a constant Cm '■= Dq b d m ^ positively homogen¬ 

eous of M, i. e. CaM = oCm for a € [0,+oo), and upper semi-additive 
of M, i. e. Cmi+M 2 < Cmi + Cm^ for suitable Mi, M 2 . 

Conversely, IF the function M is continuous on regular domain D 
and, for a Borel measure v > 0 on D and for a number b > 0, there 
is a constant C such that for each function vGsbh,]’ {D \ Dq] < b) the 
inequality 

J vdu< J vduM + C (C') 

D\Do D\Do 

is fulfilled, THEN there exists a function u S sbh(L)) \ {— 00 } with the 
Riesz measure Vu F v such that u < M on D, and, for any function 
uq € sbh (D) with the Riesz measure Vuq = ond for any number £ > 0, 
there exists a non-zero function f € Hoi (D) such that the inequality 


1 

■Uo(z) + log|/( 2 :)| < — J M( 2 : + re*®)(i0 + log 


(l + l^l) 


l+e 


(L) 


is fulfilled for all z & D and for all 

0 < r < minjl + |z|, dist (z, aZ?) := inf{|z' -z|: z' G 9iZ}}. (d) 


Remark. In addition, if Z? = C or iZ is a domain with smooth boundary 
of class C^ and, for v L„:= 0, there exists the derivative Lr^= 0 

’ \dD ’ oriin \dD 
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along the inner normal Hin of dD, then the integral in the right parts of 
the inequalities (C) and (C') can be replaced by the integral f M dvy, 

D\Do 

where Vy is the Riesz measure of v. 

Theorem 1. Let M G sbh(£)), b G [0,+oo). Then there are numbers 
C := constoo, D,b > 0, Cm ■= constuo^D.M > 0 such that, for any 
uGsbhjI {D \ Do; < b) and for each u G sbh(£)) \ { —cx)}, the inequality 
u < M on D \ Dq entails the inequality (C). 

Conversely, if, for a Borel measure u > Q on regular domain D, 
there is a constant C such that for each function uGsbhlj" {D \ Dq; < b) 
the inequality (C') is fulfilled, then there exists u G sbh(Z?) \ { —oo} with 
the Riesz measure such that u < M on D, and, for any function 

uq G sbh (D) with the Riesz measure iZuo = ^ for any number £ > 0, 
there exists a non-zero function f G Hoi (Z?) satisfying (L)-(d). 

The Remark remains in force. 

Corollary 1. Let Do ^ D be a subdomain of D, M G sbh(T)) with the 
Riesz measure vm, f G Hol(_D), Z = {'Zk\k=i, 2 ,... C D, f(Z) = 0, and 

log \f\<M on D\ Do- If v £ sbh^(_D \ -Do); o,nd lim v 0, then 

zMdD 

the implication (^) from Main Problem is true. 

Corollary 2. Let D = <C or D be a domain with smooth boundary of 
class C^, and Do D be a subdomain of D. Suppose that a continuous 
function v: D\ Dq —> R satisfies the following conditions 

• V sbh'^(£) \ Do) with the Riesz mesure Vy, and v \gjj= 0, 

• and there exists the derivative Lr^= 0. 

oriin I dD 

If a non-zero function f G Hoi (D) vanishes on a sequence Z = {zj,} C D, 
and f satisfies the condition f log|/|c?r'„ < +oo, then 

D\Do 

u(zfc) < + 00 . 

zkCiD\Do 


Our results allow to obtain various forms of development and generaliza¬ 
tion of results from [2]-[22], as well as new results both for the complex 
plane C and for domains in Coo such as D, and another domains. De¬ 
tailed treatment of these and other results are submitted to the journal 
«MaTeMaTHuecKHH c6ophhk». 
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